We derive the exact supergravity profile for the twisted scalar field emitted by a system of fractional D3 branes at a Z 2 orbifold singularity supporting N = 2 quiver gauge theories with unitary groups and bifundamental matter. At the perturbative level this twisted field is "dual" to the gauge coupling but it is corrected non-perturbatively by an infinite tower of fractional D-instantons. The explicit microscopic description allows to derive the gravity profile from disk amplitudes computing the emission rate of the twisted scalar field in terms of chiral correlators in the dual gauge theory. We compute these quantum correlators using multi-instanton localization techniques and/or Seiberg-Witten analysis. Finally, we discuss a non-perturbative relation between the twisted scalar and the effective coupling of the gauge theory for some simple choices of the brane set ups.
Introduction
The embedding of gauge theories in a string framework by means of D-branes provides a remarkably simple and intuitive picture of the strong coupling dynamics of quantum field theories and of their non-perturbative phenomena. For example, in a D-brane realization of a gauge theory, instantons are represented as euclidean D-branes which are point-like in the four-dimensional space-time and aligned with the gauge branes in the internal directions. The moduli parametrizing the general instanton solution are realized in terms of open strings with at least one end-point on the euclidean branes [1, 2] . This is a very efficient and practical description of instanton effects [3, 4] .
On the other hand, the realization of gauge instantons as euclidean D-branes implies that they act also as sources of closed string fields, exactly as it happens for the D-branes supporting the gauge and matter degrees of freedom. This is not surprising from a holographic point of view since, in non-conformal settings, instantons generate a scale dependence in the gauge dynamics that must be reflected in the dual geometry (for studies of gauge/gravity correspondences in non-conformal cases see for example the reviews [5] - [7] and references therein). In searching for the gravitational solution dual to a nonconformal gauge theory, the starting point is often given by the perturbative profile of the gravitational fields emitted by the brane system via disk diagrams. In presence of gauge instantons represented by euclidean branes, there are extra source terms for the closed string fields and thus the supergravity solution corresponding to a given brane set-up gets modified with respect to its perturbative expression. Incorporating explicitly all instanton corrections therefore provides the microscopic derivation of the exact solution "dual" to the gauge theory, yielding an extremely meaningful test of the gravitational description obtained using symmetry and/or duality considerations. It could also shed some light on aspects of the theory which have not yet been satisfactorily accommodated.
This line of thought is particularly fruitful in the context of N = 2 SYM theories. In this case, the low-energy dynamics on the Coulomb branch is exactly described by a Seiberg-Witten (SW) curve [8, 9] that summarizes in geometrical terms the infinite tower of multi-instanton corrections to the low-energy effective action. These results can be derived from first principles with the help of localization techniques that allow an explicit evaluation of integrals over the multi-instanton moduli space [10] - [15] . These techniques fit naturally in the brane context and generalize the SW results in many different directions [16] - [21] . It is then natural to ask how the infinite tower of instanton effects is encoded in the holographic description of the gauge theory in terms of gravity. This question has been addressed recently in Ref.s [22] - [24] , where a four-dimensional SU(2) gauge theory was matched to a background generated by a stack of D7 branes on top of an O7 orientifold plane. The dilaton-axion field governing the gauge coupling of the SU(2) theory was derived from disk amplitudes computing the emission from O7, D7 and D-instanton sources, and the result was expressed in terms of chiral correlators in the eight-dimensional gauge theory living on the D7/O7 system.
In this paper we extend these methods to more general N = 2 SYM theories with SU(N ) gauge groups and fundamental matter. The set-up we consider involves fractional D3 branes of type IIB at non-isolated singularities, and in particular we take the C 2 /Z 2 ×C orbifold. By studying the emission of closed string fields from such branes, the corresponding perturbative supergravity solutions were constructed several years ago [25] - [30] . In these solutions a scalar field from the twisted sector, which we call t(z), varies logarithmically in the internal complex direction z transverse to the orbifold and reproduces the perturbative running of the gauge coupling with the scale. Such perturbative solutions suffer from singularities at small values of z, i.e. in the IR region of the gauge theory, and have to be modified by non-perturbative corrections.
The search for the corrected solutions has turned out to involve quite subtle issues, such as the proposal that the fractional branes originally placed at the origin inflate into an enhançon ring of size comparable to the dynamically generated scale so as to avoid the IR singularity [31] or the necessity of embedding the pure fractional brane solutions into a cascading theory of fractional plus regular branes [32] . Finally, the exact expression of the twisted scalar t(z) for a configuration of N fractional branes supporting a pure SU(N ) gauge theory was put forward in Ref. [33] . This expression was found by exploiting the T-duality of the type IIB configuration to a type IIA configuration of D4 branes suspended between NS5 branes, which can be uplifted to M-theory [34] . In M-theory, the brane arrangement expands into the product of the four-dimensional spacetime and of a Riemann surface representing the SW curve of the gauge theory, so that by uplifting the solution to M-theory one incorporates the non-perturbative effects.
In this paper we show how the instanton corrections to the t profile can be directly computed in the type IIB theory, without resorting to T-duality and the up-lift to Mtheory. Our solution coincides, in the case of pure gauge theories, with the one of Ref. [33] and generalizes the latter to the case when flavors are present or to quiver theories, thus providing a very deep test of the procedures and dualities involved in the supergravity derivation or, if we regard it the other way round, of the techniques we employ to explicitly compute such corrections. Furthermore, we will show that the field t(z) can be identified, in the gauge/gravity dictionary, with the vacuum expectation value of a chiral operator O(z) in the four-dimensional gauge theory which computes at the perturbative level the running coupling of the gauge theory. At the exact level, instead, it contains the information on the effective coupling matrix of the SU(N ) theory at the scale z in a quite non-trivial fashion. We shall derive this relation in terms of SW curves and illustrate it explicitly for the lowest-rank unitary groups.
Let us now discuss a bit more in detail our approach and the structure of the paper. In Section 2 we introduce the N = 2 quiver theory with gauge group SU(N 0 ) × SU(N 1 ) realized with fractional D3 branes in the C 2 /Z 2 × C orbifold. We first review the derivation of the perturbative t profile emitted by the D3 branes and then show how it gets nonperturbatively modified by the fractional D(−1) branes. These modifications arise from the interactions between the instanton moduli and the twisted scalar t, which we compute by evaluating disk amplitudes (Appendix B contains a detailed derivation of the relevant string diagrams). The result can be written as iπt(z) = iπt 0 − 2 tr N 0 log z − φ 0 µ + 2 tr N 1 log z − φ 1 µ (1.1)
where φ 0 and φ 1 are the adjoint scalar fields in the vector multiplets of the two gauge groups and µ an arbitrary reference scale. Expanding both sides of (1.1) for large z one finds a holographic dictionary between derivatives of the gravity field t(z) and chiral correlators in the four-dimensional gauge theory. These correlators can be computed explicitly and quite efficiently order by order in the instanton expansion using the localization techniques which are reviewed and summarized in Appendix A. Neglecting the SU(N 1 ) dynamics, the quiver theory can be regarded as a SU(N 0 ) gauge theory with 2N 1 fundamental flavors.
In this case the correlators in (1.1) can be computed exactly to all orders in the instanton parameter from the corresponding SW curve, and the t profile can be written as
where P and Q are polynomials, respectively, of order N 0 and N 1 entering the SW curve and containing the vacuum expectation values and the mass parameters of the gauge theory, while g 2 is a specific function of the gauge coupling. This is the main result of Section 3. From the perturbative behavior it is natural to expect that the gravitational profile t(z) encodes some information about the dynamics of the dual gauge theory at the scale z and in particular about the matrix τ of its gauge couplings. The explicit relation between t(z) and τ turns out to be non-trivial and quite interesting. In Section 4 we elaborate on this issue and consider the twisted field produced by the (instanton-corrected) fractional D3 branes placed at the origin of their quantum moduli space. In this configuration, which corresponds to the so-called "enhançon vacuum" [32, 33] , all gauge invariants tr φ k constructed with the adjoint scalar field vanish and the gravitational profile of the twisted field depends only on z. We then propose that such a profile encodes the effective coupling matrix τ of the gauge theory in the so-called "special vacuum" [35] where all invariants tr φ k but the highest vanish and the latter, namely v = 1 N tr φ N , is related to the scale z simply by v = z N . We show, by the comparison of SW curves, that the gauge theory at the special vacuum can be equivalently regarded as a massless conformal theory with a UV coupling t. The explicit relation between t and the gauge coupling is therefore the same which is found in conformal theories between the UV coupling (the one appearing in instanton computationsà la Nekrasov) and the IR one. This relation depends on the rank of the group and involves modular functions. Our proposal is substantiated by explicit checks against the coupling matrices extracted from multi-instanton computations and SW curves as shown in Appendix C for the SU(2) and SU(3) theories.
Finally, in Section 5 we summarize our results, draw our conclusions and discuss some possible developments of this work.
The brane set-up and the t profile
We study four-dimensional N = 2 SYM theories with unitary gauge groups realized with fractional D3 branes at the non-isolated orbifold singularity C 2 /Z 2 × C. In this orbifold there are two types of fractional D3 branes, which we call types 0 and 1, corresponding to the two different irreducible representations of the orbifold group Z 2 . The most general brane configuration therefore consists of N 0 branes of type 0 and N 1 branes of type 1, and corresponds to a N = 2 quiver theory in four dimensions with gauge group U(N 0 )×U(N 1 ), one hypermultiplet in the bi fundamental representation (N 0 , N 1 ) and one hypermultiplet in the (N 0 , N 1 ) representation. The corresponding quiver diagram is represented in Fig. 1 . If one ignores the gauge degrees of freedom on the N 1 branes, i.e. turns off the U(N 1 ) gauge coupling and considers only the dynamics of the N 0 branes of type 0, one obtains a N = 2 U(N 0 ) SYM theory with 2N 1 fundamental flavors and U(N 1 ) as global symmetry group. In this limit, with an abuse of language, we will sometimes refer to the N 0 branes as the "gauge" or "color" branes and to the N 1 branes as the "flavor" branes. Furthermore, we will decouple the U(1) factors and concentrate on the SU(N 0 )× SU(N 1 ) part of the symmetry group.
We are interested in the Coulomb branch of the quiver gauge theory. The degrees of freedom on this branch (vector multiplets) are described by the massless excitations of the open strings starting and ending on branes of the same type. They can be assembled in a chiral N = 2 superfield Φ which is schematically given by
where the component fields φ, λ, F µν are in the adjoint representation of SU(N 0 )× SU(N 1 ). The superfield Φ can be written in the block diagonal form
where Φ 0 and Φ 1 are matrices in the adjoint representations of SU(N 0 ) and SU(N 1 ) respectively. By giving a non-vanishing vacuum expectation value to φ we can explore the Coulomb branch of the moduli space of the quiver gauge theory. In the description where the dynamics of the D3 branes of type 1 is ignored, the field φ 1 is frozen to its vacuum expectation value φ 1 whose eigenvalues parametrize the masses of the 2N 1 fundamental flavors.
On the other hand, D-branes have a dual interpretation as gravitational sources, i.e. as sources of closed string fields. Using for example the boundary state formalism as discussed in Ref.s [26, 30, 28] , one can show that the fractional D3 branes in the Z 2 orbifold are sources of a non-trivial metric and a 4-form R-R potential from the untwisted sectors, and of two scalars, b and c, from the twisted NS-NS and R-R sectors respectively. While the untwisted fields emitted by fractional D3 branes can propagate in all six transverse directions, the twisted scalars only propagate in the complex plane transverse to the D3 brane worldvolume which is not affected by the orbifold projection and which we parametrize with a complex coordinate x. Fractional D3 branes distributed on this plane therefore generate a non-trivial dependence of the fields b and c on x. The twisted scalars are conveniently combined in a complex field
where τ is the axio-dilaton of the type IIB string theory. For simplicity we assume that the axion is trivial and that there are no branes other than the fractional D3 branes so that the dilaton does not run. Thus, in this case we simply have τ = i/g s where g s is the string coupling constant. The equations of motion of type IIB supergravity require that t be a holomorphic function of x. The field t is actually part of a chiral bulk superfield T whose structure is schematically given by
with dots denoting supersymmetric descendants of t andt being the complex conjugate of t. Fractional D3 branes and D-instantons are sources for the twisted closed string field t. This is the strict analogue of the set up with D7 branes and O7 planes discussed in Ref.
s [22] - [24] , where the axio-dilaton of type I supergravity was extracted from string amplitudes computing emission rates from D-brane and O-plane sources.
The perturbative t profile
The profile of the twisted scalar t emitted by the fractional D3 branes described above can be derived by solving the classical field equations that follow from the bulk action containing the kinetic terms and the source action describing the emission from the fractional D3 branes. At the perturbative level this profile was obtained long ago in Ref.s [26, 27, 30, 28] . For completeness we now briefly review this derivation. Let us first consider the NS-NS twisted scalar b whose bulk action is
Here κ = 8π 7/2 α 2 g s is the gravitational coupling, and the prefactor (π 2 α ) 2 is due to our normalization conventions 1 . Notice that this bulk action is six-dimensional since the twisted fields can propagate only in the six un-orbifolded directions. Then, let us consider the source action for b. If all branes are at the origin, this is
where T 3 = √ π is the D3 brane tension. The appearance of the δ-function indicates that the source term is localized on the world-volume of the D3 branes at the origin. By varying (2.6) and the bulk action (2.5), we easily obtain the field equation
whose solution is
is the classical value of the twisted scalar field in the Z 2 orbifold and x 0 is an arbitrary length scale. Adding the contribution of the scalar c from the R-R twisted sector, which is proportional to the argument of x [26] , we obtain the following holomorphic solution iπt = iπt 0 − 2(N 0 − N 1 ) log x x 0 (2.9)
It is convenient to introduce the quantities z = x 2πα and µ = x 0 2πα (2.10) with mass dimension 1, and rewrite the solution (2.9) as follows
In the conformal case, i.e. when N 0 = N 1 , we simply have
The profile (2.11) has the correct logarithmic behavior to be identified with the 1-loop running coupling constant at a scale z of a SU(N 0 ) gauge theory with 2N 1 fundamental flavors Ref.s [26, 27, 30, 28] . We are therefore led to the following gauge/gravity relation
where g YM and θ YM are the coupling constant and the θ-angle of the SU(N 0 ) SYM theory.
We will see, however, that when non-perturbative effects are taken into account the relation between t and τ gauge is more complicated than that in (2.13).
Let us now consider a more general configuration in which the D3 branes are not all at the origin. This corresponds to giving non-vanishing vacuum expectation values to the adjoint scalars φ 0 and φ 1 , namely
with u a u = 0 and u b u = 0. Repeating the same steps as before, one can show that the t profile corresponding to such configuration is
where tr N 0 and tr N 1 denote the traces over the SU(N 0 ) and SU(N 1 ) indices respectively. Notice that when φ 0 and/or φ 1 are non-zero, the twisted scalar t is not trivial even for N 0 = N 1 since the conformal symmetry is broken.
In the following we concentrate on the case N 0 = N 1 from which all others can be retrieved by taking suitable decoupling limits in which subsets of branes are sent to infinity. It is not difficult to realize that in this case t satisfies the following differential equation
where in the second step we exploited the fact that N 0 = N 1 and introduced the momentum operator conjugate to z, namelyp = −i∂/∂z. The current J cl has a nice interpretation in terms of disk diagrams describing the couplings among the closed string twisted fields and the massless open string excitations of the fractional D3 branes. To see this, let us consider the NS-NS scalar b whose vertex operator we denote by V b , and study its interactions with the scalar φ 0 of the type 0 branes whose vertex we denote by V φ 0 . When the scalars are frozen to their vacuum expectation values, these interactions are given by
where the factorial has been introduced as a symmetry factor and the right hand side follows by computing the correlation functions of the vertex operators using standard CFT techniques as discussed for example in Ref. [22] . A completely similar calculation can be performed with the scalar φ 1 of the type 1 branes leading to
where the extra sign comes from the fact that branes of type 1 have opposite b-charge with respect of those of type 0. Adding an analogous term describing the interactions of the R-R twisted scalar c, we can write the total contribution to the effective action (which is minus the scattering amplitude) as
Supersymmetry requires that the interaction term (2.20) must be accompanied by other structures (that could also be computed from string diagrams with extra fermionic insertions) in such a way that the effective action follows from a holomorphic prepotential. As discussed in Ref.s [22, 24] , such a prepotential can be obtained simply by promoting the bulk and boundary scalars appearing in (2.20) to the corresponding chiral superfields. Denoting by δT the fluctuation part of T , we then find that the classical prepotential contains the following term
where the dots represent interactions of higher orders in δT . Note that this expression is well-defined forp → 0 since for N 0 = N 1 the traces inside brackets start to contribute at orderp 2 . The effective action follows upon integrating the prepotential over d 4 θ; when all four θ's are taken from δT and the superfields Φ 0 and Φ 1 are frozen to their vacuum expectation values, we recover the interaction (2.20) . This is a source term for t corresponding to the classical current (2.17) which is related to the prepotential as follows
The non-perturbative t profile
Let us now investigate how the classical profile (2.15) changes when non-perturbative effects due to gauge instantons are taken into account. In our brane set-up, instantons are introduced by adding k 0 fractional D ( In order to find the non-perturbative t profile we first compute the instanton induced prepotential F n.p. from which the non-perturbative source current J n.p. can be derived following a procedure similar to the one outlined for the classical current J cl . The nonperturbative prepotential is defined as
where the integral is performed over the centered moduli M k , including all moduli except the superspace coordinates x and θ. S inst (M k , Φ, T ) is the moduli action, describing the interactions of the instanton moduli with the boundary and bulk superfields.
In our stringy set-up the moduli action is derived by computing string amplitudes on disks with at least a portion of their boundary lying on the D(-1) branes as discussed in detail in Ref.s [3, 4] . Here we only discuss the dependence of S inst on the twisted bulk superfield T , since the other part is quite standard and can be found in the literature. The simplest term involving T corresponds to the coupling of the twisted scalars to the Actually, by exploiting the broken supersymmetries we can promote t to the full-fledged superfield T , so that (2.24) becomes
This action includes, among others, the structure θ 4p2t that is represented by the diagram in Fig. 2b (see Appendix B for details on the string derivation of this interaction).
In presence of a non-constant t we expect further interaction terms in the moduli action involving the derivatives of t. In particular, we expect to find the D-instanton analogues of the interactions (2.18), namely the coupling of the twisted scalars b and c with an arbitrary 2 Recall that, classically, the complex gauge couplings are t and τ − t for the branes of type 0 and 1, respectively. Taking into account the background value b0 of the NS-NS twisted scalar, we can rewrite (2.24) as −iπ b0k0 + (1 − b0)k1 τ − iπ(k0 − k1) δt , where δt is the fluctuating part of t.
number of χ moduli whose vertex operator we denote by V χ . Indeed, as shown in Appendix B, for insertions on a disk of type 0 we have
where tr k 0 stands for the trace over the k 0 D-instantons of type 0. In a similar way we can compute the interaction of the R-R scalar c with the χ moduli. Adding this to the previous amplitude, we obtain the following contribution to the instanton moduli action
By exploiting the broken supersymmetries or, equivalently, by inserting vertices for the superspace coordinates θ, we can promote t to the complete superfield T . In this way we obtain, among others, the terms tr k 0 e ip χ 0 θ 4p2t , which are responsible for the nonperturbative corrections in the t profile. Similar results (with the opposite sign) are found for insertions on instanton disks of type 1. Collecting all contributions, we conclude that the action for k fractional D-instantons in a non-trivial twisted background is
where S inst is the part of the moduli action accounting for the interactions of the instanton moduli among themselves and with the fields in the vector multiplet. Using the moduli action (2.30) in (2.23) we can find how the non-perturbative prepotential depends on the twisted scalar and extract from it the non-perturbative source current for t. To linear order in δT one gets
In order to perform the integration over the moduli space and obtain explicit results, we exploit the localization formula and adopt Nekrasov's approach to the multi-instanton calculus Ref.s [11, 14] (see also Ref.s [10, 13, 36] ). For details, we refer the reader to Ref.s [22, 23, 24] where similar manipulations have been performed for D(-1)/D3/D7 systems in orientifold models and to Appendix A. Here we just recall the relation between the integrals in the right hand side of (2.31) and the chiral correlators in the gauge theory. Such a relation can be derived from the localization procedure in which one first defines the deformed instanton partition function
and then the prepotential
In these expressions 1 and 2 are deformation parameters which in our string set-up can be introduced by putting the brane system in a graviphoton background Ref.s [16, 20] . Then one can show that and tr k 1 χ 1 respectively. Notice that the integrals in Eq.s (2.32) and (2.34) are over all moduli including x and θ, and that in the limit i → 0 the factor 1 2 in (2.34) compensates for the volume V ∼ 
which is nothing but the instanton completion of (2.21). Summarizing, we have found that the instanton corrections to the prepotential yield a source current for t which has the same expression as the classical current (2.17) but with the classical gauge invariants tr Na φ a , replaced by the full quantum gauge invariants tr Na φ a . The latter are computed by taking into account the complete dynamics on the gauge branes and contain explicit non-perturbative corrections induced by the Dinstantons. We stress that the quantum correlators tr N 0 φ 0 (and the same for the correlators of type 1) receive contributions from instantons of both types since the instanton action depends on both χ 0 and χ 1 .
Finally, adding the classical and the instanton contributions we obtain the full source current for t:
where δF = δF cl + δF n.p. . The field equation for t in configuration space is therefore
which is solved by
This explicit solution shows that the non-trivial information about the t profile is contained in the ring of chiral correlators of the quiver gauge theory which accounts for the full tower of D-instanton corrections to the gravity solution. The appearance of the chiral correlators of a gauge theory in a gravitational profile was observed in Ref. [37] in an orientifold model with D7 branes and explicitly checked at the first few instanton numbers in Ref.s [22, 24] and proved in full generality in Ref. [23] . Our current results provide another example of this non-trivial gauge/gravity relation in an orbifold set-up.
We conclude by observing that the pure SU(N 0 ) theory can be obtained from the conformal one by decoupling all flavors. Alternatively, one could start from the beginning simply with a stack of N 0 D3 branes of type 0 without any branes of type 1. In either case one finds
where Λ is the dynamically generated scale of the theory: Λ 2N 0 = e iπt 0 µ 2N 0 .
The gauge theory description of the t profile
In this section we compute the gauge correlator (2.38) determining the supergravity t profile. This calculation can be performed in an explicit way order by order in the instanton expansion using Nekrasov's approach to the multi-instanton calculus and the localization techniques which are reviewed in Appendix A. However, in the limit q 1 → 0 where the dynamics of the branes of type 1 is ignored, instead of an order-by-order instanton calculation we can use the SW curve for the effective SU(N 0 ) gauge theory with 2N 1 fundamental flavors and extract from it the quantum correlators in a closed and exact form. This is what we do first in the following subsection. Next we consider the quiver theory with gauge group SU(N 0 ) × SU(N 1 ). For N 0 = N 1 , the SW curve for the quiver theory was derived in Ref. [34] , where the model was engineered in terms of two stacks of N 0 and N 1 D4-branes stretching between two NS5 branes living on a circle (see also Ref. [29] ). Yet a microscopic derivation of this curve and a detailed quantitative study of the chiral correlators in the quiver gauge theory are missing. Therefore, in this case we apply Nekrasov's multi-instanton calculus to derive the correlator determining the t profile order by order in q 0 and q 1 .
The exact t profile from the Seiberg-Witten curve for SU(N )
We start by considering the case where the dynamics of branes of type 1 is ignored. In this limit we can replace everywhere the field φ 1 by its vacuum expectation value
As compared to (2.14), here we have denoted by m's the eigenvalues of φ 1 , since in this case they correspond to masses for the fundamental hypermultiplets. On the other hand the field φ 0 , which in this section we simply refer to as φ, is a dynamical field spanning the Coulomb branch of the SU(N 0 ) gauge theory. For simplicity we take N 0 = N 1 ≡ N , but the results for N 0 > N 1 can be recovered by decoupling some of the hypermultiplets by sending some of the m's to infinity. The chiral correlators tr φ can be computed from (2.34) using Nekrasov's approach to the multi-instanton calculus. Equivalently (and more efficiently) they can be obtained from the SW curve associated to a SU(N ) SYM theory with N f = 2N fundamental flavors with masses 3
Such a curve can be written as [35] 
where
and
with q 0 = e iπt 0 . The parameters e u and m u are subject to the constraints
e u = 0 and
The first condition is related to the fact that we have a SU(N ) gauge symmetry rather than a U(N ) one, while the restriction on the m's is just for the sake of simplicity (see also (2.14)). Therefore we can take the first N − 1 e's and m's as independent variables, which we will label by an index i = 1, · · · , N − 1. Let us now give some details that are useful for our purposes. The curve (3.3), which was recently derived in Ref. [38] via a saddle point analysis of the multi-instanton partition functions in the Nekrasov's approach, defines a hyperelliptic fibration over a complex plane with a period matrix given by
where a and a D are the periods
of the SW 1-form differential λ computed around a basis of cycles (γ i , γ j ) on the N -cut complex plane such that γ i • γ j = δ ij . In Fig. 3 we have drawn an example of such cycles for the N = 3 case. The SW differential λ can be written as The chiral correlators trφ of the SU(N ) theory on the D3 0 branes are then given by the integral
with γ a contour enclosing all e's. Alternatively, they can be obtained by expanding the generating functional
Integrating (3.12) with respect to z, it is easy to find
where the integration constant has been fixed in order to match the O(z 0 ) terms in the expansion for large z in both sides. With straightforward algebra and using (3.5), we can further rewrite our result in the following form
Inserting (3.14) in (2.38) and taking into account the explicit definition of Q given in (3.4), we finally obtain
Our result exactly agrees with the one derived in Ref. [33] for the pure SU(N ) SYM theories using supergravity and M-theory considerations. Indeed, the pure SU(N ) theory with a dynamically generated scale Λ can be obtained from the conformal one by decoupling all hypermultiplets through the following limit [34] where the SU(N ) SYM theory is realized in type IIA using D4 branes stretched between two NS branes. This set-up is related to our type IIB construction via a T-duality on the S 1 fiber of a two-centered Tab-Nut compactification of the C 2 /Z 2 space. After T-duality the Tab-Nut space is mapped to a pair of NS5 branes at positions ln y ± on S 1 where
and the twisted scalar t parametrizes the distance between the two NS5 branes, namely
in perfect agreement with (3.15). Finally we remark that the above formulae for the t profile are written in terms of the quantum moduli space coordinates e's entering the SW geometry rather than in terms of the microscopic parameters a's parametrizing the classical vacuum expectation values of the scalar fields. One can switch between the two descriptions using the period formula (3.8) which relates the two sets of variables. Let us now illustrate these results in the case of the SU(2) theory with four fundamental flavors. In view of (3.6), in this case we have e 1 = −e 2 ≡ e and m 1 = −m 2 ≡ m. The parameter e is related to the classical vacuum expectation value a of the adjoint SU(2) scalar via the period formula (3.8), which up to 2-instantons reads
(3.19) On the other hand, the SU(2) chiral operators are encoded in the large z expansion of (3.13) for N = 2, namely
Alternatively, one can exhibit the exact z dependence of the left hand side of the above equation as an expansion in q 0 , whose first terms are
Using this expression and (3.19), one can write the profile of the twisted field as a function of the microscopic parameters (that is a and m) which up to 1-instanton is
We can therefore conclude that our methods provide a microscopic derivation of the supergravity profile for t in which a direct relation with the chiral ring elements of the gauge theory on the source branes is clearly established and the non-perturbative effects are explicitly explained in terms of fractional D-instantons.
The t profile for the quiver gauge theory
Now we consider the general case where the dynamics of both gauge groups of the quiver theory is turned on. In this case the t profile receives contributions from instantons of both types and the relevant correlators can be computed order by order in q 0 and q 1 with the help of localization techniques. In Appendix A we include a self-contained review of these techniques and a detailed derivation of the results. Here, as an example, we display the results for the case of the SU(2) × SU(2) quiver theory. For the first few instanton contributions one finds
where a and b are the vacuum expectation values of the scalar fields of the vector multiplets of the two SU(2) factors. Note that the profile (3.23) agrees with (3.22) after decoupling the SU(2) 1 dynamics by sending q 1 → 0 and renaming b → m. Furthermore, (3.23) provides a microscopic derivation of the first few D-instanton corrections to the gravity solution for the twisted scalar generated by a system of 2 regular branes at the C 2 /Z 2 singularity.
The relation between t and effective gauge couplings
We now provide an interpretation of the profile function t(z) generated by a symmetric D3 brane source as the effective IR coupling constant of a SU(N ) theory with a Coulomb branch parametrized by the coordinate z. In particular, we will find that the non-perturbative contributions in the t solution spoil the simple correspondence (2.13) and lead to a more sophisticated relation between the twisted scalar t and the gauge coupling.
The solution (3.15) exhibits an explicit dependence on the SU(N ) mass invariants T and on the SU(N ) gauge invariants u , defined in (3.4), which parametrize the quantum moduli space of the SU(N ) source theory. The analysis at a generic point in moduli space is left to future investigations. Here we focus on a particular point, the so-called "special vacuum" [35] , where the gauge and flavor invariants are taken to be
At this point the U(1) R symmetry is partially restored to a Z N symmetry and the Coulomb branch is described by a single parameter. In our brane construction the special vacuum is realized by placing the fractional D3 branes in a symmetric configuration around the origin of the transverse space, namely by taking the positions a u and m u of the D3 0 and D3 1 branes respectively, as follows
with u = 1, · · · , N , and ω = e 2iπ/N . Exploiting the relations (3.8), one can prove that this choice implies that also the quantum variables e u are symmetrically distributed around the origin:
which implies (4.1). Moreover, one can check that
and that the relation between the quantum expectation value of order
and the parameter u N of the SW curve is
The expectation value v is the appropriate variable to describe the quantum moduli space of the theory at the special vacuum and can be regarded as the quantum equivalent of the classical variable parametrizing the transverse space of the fractional D3 branes. Just like in the perturbative analysis [26, 27, 30, 28] one puts all source branes at the origin of the transverse space, also here we do a similar choice and take v = 0. Notice that this corresponds to classically arranging the branes in a sort of an extended configuration resembling that of the enhançon ring and for this reason the v = 0 vacuum is sometimes called the "enhançon vacuum" [32, 33] . For this choice of parameters the characteristic polynomials entering the SW curve (3.3) become
and the twisted scalar emitted by the branes in the enhançon vacuum is iπt enh (z) = log
For later convenience it is useful also to write the exponentiated form of the solution as a power series obtained by expanding (4.8) for small values of q 0
As is clear from this explicit expression, the field q enh depends only on q 0 and on the ratio m N z N . To emphasize this feature, from now on we will denote the enhançon profile as q enh ( m N z N , q 0 ), instead of simply q enh (z). If we set m = 0, the theory is conformal and q enh becomes constant:
In the following, we will show that q enh encodes the information about the gauge coupling of the SU(N ) theory with 2N massive flavors at the special vacuum. The chiral dynamics of this theory is described by the SW curve
which follows from specializing (3.3) with the simple form that the P and Q polynomials assume in the special vacuum 4 . This curve can actually be obtained from the massless SW curve
(4.12)
after the replacement
Indeed, from (4.6) and (4.8) one finds that (4.13) implies
(4.14)
Plugging this result in (4.12), it is easy to show that the massless curve takes exactly the form (4.11) of the massive one if we perform the change of variables
The above derivation can be readily adapted to the case of a pure SU(N ) theory at the special vacuum, to show that it can be equivalently represented as a conformal theory with an UV coupling given by the twisted field dual to the enhançon vacuum of that theory. Summarizing the SW curve of the massive theory with UV coupling q 0 at the special vacuum coincides with the curve for a SU(N ) theory with 2N massless flavors and UV coupling given by q enh evaluated at z = v 1/N . Since SW curves encode the low-energy 4 We have employed the complex coordinates (y, x) rather than (y, z) as in (3.3) since the variable z plays, in the following discussion, the rôle of a scale. 5 In the massless case, after taking into account (4.6) for m = 0, the curve (3.3) becomes:
. The dependence on v is actually fictitious and can be absorbed by the rescalings
, which bring the curve in the form (4.12).
dynamics, the equivalence shown above implies in particular that the effective coupling constants τ ij m N v , q 0 of the massive SU(N ) theory in the special vacuum can be expressed as the IR couplings of a conformal SU(N ) theory with a UV coupling given by q enh
We will now verify the relation (4.16) for SU(N ) theories with N = 2, 3, 4, deriving and exploiting the explicit form of the corresponding conformal "UV/IR" relation τ ij (0, q 0 ).
SU(2) theory
The first example we consider is the SU(2) theory with 4 fundamental flavors. In this case we have a single effective coupling constant, τ SU(2) ≡ τ which is a function of the flavor masses and the tree-level coupling t 0 . Through explicit multi-instanton computations (see Appendix A for some details) one finds that, when the flavors are massless, τ is related to q 0 as follows iπτ (0, q 0 ) ≡ iπτ = log q 0 + iπ − log 16 + 1 2 q 0 + 13 64 q It is interesting to observe that the inverse relation can be expressed in terms of modular functions. Indeed, inverting (4.17) we obtain
where η(τ ) is the Dedekind η-function 6 . This relation expresses the UV coupling q 0 in terms of the IR one τ . On the other hand, if in (4.17) we replace q 0 with the SU(2) enhançon solution given by (4.9) with N = 2, after some simple algebra we find iπτ 0, q enh m 2 z 2 , q 0 = log q enh + iπ − log 16 + can be alternatively written in the more standard elliptic form:
which shows that e iπt 0 can be thought as one of the harmonic ratios of an elliptic curve. Our conventions for the θ-functions are the same as in Ref. [37] .
invariant v parametrizing the Coulomb branch of the special vacuum, namely z 2 ↔ v. In other words we have shown that
which is precisely the relation (4.16) for SU (2) . We point out that the relation (4.20) can actually be proved in full generality by exploiting the SW curve (4.7) with N = 2 (see Appendix C for some details), and that our results can be readily extended to the case of the pure SU(2) theory by taking the decoupling limit (3.16) . In this case, as one can see from (4.19), the non-perturbative part of τ becomes
in perfect agreement with the instanton calculations 7 . We stress that the case of the pure SYM theory can be treated from the very beginning without making reference to the conformal theory and its decoupling limit if one considers a stack of 2 fractional D3 branes of type 0 and no branes of type 1. In this case one starts again from (4.17) and replace q 0 with q enh given by (4.8) with g 2 Q(z) = 4Λ 4 . The results agree with the SU(2) effective coupling given in (4.21).
SU(3) theory
Let us now consider the SU(3) theory with 6 fundamental flavors. In the special vacuum, the matrix of coupling constants has the classical form even when the 1-loop and instanton corrections are taken into account, namely This relation can be proved in full generality by considering the SW curve discussed in Ref. [39] and comparing it to the one in (4.7) (some details are given in Appendix C).
7 Usually the instanton contribution to the pure SU(2) coupling constant is written in terms of the classical parameter a 2 = Again, the pure SU(3) theory can be obtained by decoupling the 6 flavors or by repeating the entire derivation starting from a microscopic configuration with only 3 fractional D3 branes of type 0.
SU(4) theory
The last explicit example we consider is the SU (4) It is interesting to observe that also in the SU(4) theory one can write exact formulae in terms of ratios of Dedekind η-functions. By replacing in the right hand side of (4.27) q 0 with the q enh (
v , q 0 ), we obtain the coupling constants for the massive SU (4) 
Summary of results and conclusions
We can summarize our results in the following three main points.
• First, we have provided an explicit derivation of the supergravity profile for the twisted scalar t sourced by a configuration of fractional branes in the C 2 /Z 2 orbifold by computing the emission diagrams at the disk level. Technically, these diagrams involve one closed and many open string insertions on disks ending on fractional D3 or D(-1) branes. Disks with the boundary on the D3 branes are responsible for the logarithmic profile of t which is typical of perturbation theory, whereas disks with the boundary conditions of fractional D(-1) branes generate the non-perturbative corrections associated to instantons. This analysis is therefore a microscopic explanation of the complete supergravity solution for t in terms of source branes. As a result of this approach we are able to write t in terms of the quantum observables (chiral correlators) of the quiver gauge theory defined on the source D3 branes (see (2.38) ). This relation provides a clear example of a gauge/gravity correspondence in which a (six-dimensional) supergravity field is expressed as a quantum correlator of a (four-dimensional) gauge theory.
• Second, we have shown how to compute the non-perturbative instanton contributions in the t profile using localization techniques and Nekrasov's integrals, order by order in the instanton number. We have also explained how to derive these non-perturbative effects from the SW curve associated to the gauge theory on the source branes, a procedure which essentially resums the instanton expansion. In this way the exact supergravity t profile can be written in a very compact and simple, but also very explicit, form (see (3.15) ).
• Third, we have investigated the relation between the supergravity solution for t and the effective gauge couplings of SU(N ) theories. At tree-level, by considering the worldvolume action of N fractional D3 branes, one can easily show that t plays the rôle of the complexified coupling constant of the SU(N ) gauge theory. However, 1-loop and instanton corrections spoil this simple identification. The profile t(z) is related to a chiral correlator rather than a coupling in the gauge theory. Nevertheless, our results show that the t profile still encodes a lot of information about the effective gauge couplings in a rather non-trivial way. In particular, the field t enh (z) emitted by a configuration of branes sitting at the origin of the quantum moduli space (see (4.8)), turns out to be related to the effective gauge coupling of SU(N ) theories in the special vacuum through modular functions linking the UV and IR couplings of the massless theory (see (4.18) ). Moreover, the transverse coordinate z at which the supergravity solution is evaluated is identified with the coordinate v parametrizing the quantum moduli space of the SU(N ) theory in the special vacuum according to z N ↔ v .
It would be interesting to extend the analysis presented here in several ways. In particular it would be nice to obtain the supergravity t profile in a compact form also for the quiver theory, namely when both nodes of the quiver diagram are treated dynamically. It would be also interesting to investigate the relation between t(z) and τ ij away from the special vacuum. Moreover, we think that our results could be useful in studying the strong coupling regime of the superconformal N = 2 gauge theories from a dual perspective and providing the basis for the studies of N = 1 settings. We hope to return to some of these issues in the near future.
A. Multi-instanton computations and Nekrasov's integrals
In this appendix we review the computation via localization techniques of multi-instanton corrections to the prepotential and chiral correlators in N = 2 SYM theories. Although we are mainly interested in SU(N 0 )×SU(N 1 ) quiver theories, for future convenience we present a self-contained description of other interesting models. We also consider the more general case of U(N ) gauge symmetry groups rather than the special case of SU(N ), to which one can always reduce by imposing the appropriate constraints.
The dynamics of N = 4 U(N ) gauge theories in four dimensions can be described in terms of open strings ending on a stack of N D3 branes in flat space-time. The N = 4 supersymmetry can be broken to N = 2 by a mass deformation or by an orbifold projection. In the first case the resulting gauge theory contains a massless N = 2 vector multiplet and a massive hypermultiplet, both in the adjoint representation of SU(N ). Decoupling the massive multiplet by sending its mass to infinity, one obtains the pure SU(N ) SYM theory, and by adding D7 branes one can introduce fundamental matter. In the orbifold case, instead, one finds in general a quiver gauge theory with bi-fundamental matter.
The mass deformation and/or the orbifold projection as well as the brane arrangement break the isometry group of the flat ten-dimensional space-time (with euclidean signature) according to
In the following we find it convenient to label the representations of this group by the spinor indices (α,α), (a,ȧ) and (+, −) of the various SU(2) and SO (2) factors, and parametrize the Cartan of the SU(2) 4 subgroup in terms of four parameters ( 1 , 2 , 3 , 4 ). The spinor weights will then be written as
with an even (odd) number of pluses for undotted (dotted) indices respectively.
A.1 D-instanton moduli
The moduli space of instanton solutions in N = 2 gauge theories with topological charge k can be realized by introducing k D(-1) branes and considering all possible open strings with at least one end-point on them. The essential instrument to compute the corresponding multi-instanton partition function is the localization procedure based on the cohomological structure of the moduli action which is exact with respect to a suitable BRST charge Q:
Q is determined by selecting one component of the conserved supersymmetry charges. This choice breaks the SU(2) 4 subgroup of the Lorentz group (A.1) to the SU(2) 3 subgroup which leaves Q invariant. In our case we take this SU(2) 3 subgroup to be given by
which in practice means identifying the spinor indicesα andȧ. After this twist, the four -parameters become subject to the restriction Flavored sector: In case we add N f D7 branes to realize N f fundamental flavors in the gauge theory, we also have flavored moduli. Due to the presence of eight directions with mixed Neumann/Dirichlet boundary conditions, the physical spectrum of the D(-1)/D7 strings contains only one fermionic mode µ , which can be paired with an auxiliary field h. These moduli transform in the (k, N f ) representation of U(k) × U(N f ). The strings with opposite orientation give rise to the moduliμ andh transforming in the (k,
All these moduli and their properties are collected in Table 1 where we have organized them in three sets. The first one is always present in N = 2 gauge theories, and thus we call it "gauge". The second one has to be considered for N = 4 or N = 2 * theories, that is when one has N = 2 massless or massive matter in the adjoint representation. For this reason in the first column of Table 1 we have used the terminology "adjoint matter" for this set of moduli. Finally, the third group is needed when there are D7 branes and thus matter in the fundamental representation. As we can see from the second column of Table 1 , all instanton moduli but χ can be arranged into doublets (φ s , ψ s ) of a -deformed BRST charge such that
with λ s being the eigenvalues of Q 2 under action of the Cartan subgroup of the full symmetry group, namely the gauge group U(N ), the instanton symmetry U(k), the flavor symmetry U(N f ), if present, and the residual SU(3) 3 Lorentz symmetry, chosen in such a way that invariant points in the moduli space are finite and isolated. In the D brane realization of the gauge theory, the eigenvalues λ s are given by the distance in the z-plane between the two branes at the ends of the corresponding open string, shifted by the SU(2) 3 weights of the given mode. The positions of the instantons along the overall transverse z-plane are parametrized by the eigenvalues χ I (with I = 1, ..k) of the scalar χ. Similarly, we denote by a u (with u = 1, . . . , N ) and m f (with f = 1, . . . , N f ) the positions of the D3 and D7 branes respectively along this plane. Using these notations and the transformation properties of the various moduli, one can easily determine the Q 2 -eigenvalues λ s as reported in the last column of Table 1 . Note that complex conjugate fields have opposite eigenvalues and therefore, from now on, we can concentrate on the holomorphic components, i.e. we take the plus signs in the λ s 's. Table 1 : Instanton moduli for N = 2 SU(N ) gauge theories. The various columns display the Q-multiplets, the spin-statistics (−1) Fs of the highest weight state φ s in the multiplet (F s = 0 or 1 depending whether φ s is bosonic or fermionic), the transformation properties with respect to the brane symmetry group G = U(k) × U(N ) × U(N f ) and the reduced Lorentz group SU (2) 3 , and finally the Q 2 -eigenvalues λ s (we have introduced the notation χ IJ = χ I − χ J ). Note that the parameter 3 plays the rôle of mass deformation for the adjoint matter multiplet.
A.2 Multi-instanton partition functions
The instanton partition function is defined by the integral
with z 0 = 1 and
is the Vandermonde determinant resulting from the diagonalization of the χ matrix and χ IJ = χ IJ + δ IJ . In (A.7) the product index s runs over the holomorphic field components. The partition function (A.6) is computed by closing the integrals over the χ I 's in the upper half plane with the following pole prescription [10] 1
These integrals receive contributions from the poles of z k , which are nothing but the critical points of Q 2 . The poles of z k can be put in one-to-one correspondence with an N -array of Young tableaux Y = {Y u } (with u = 1, . . . , N ) containing a total number of k boxes and are given by χ
with (i, j) running over the rows and columns of the Young tableau Y u . Exploiting this correspondence, the instanton partition function can then be written as a sum over Young tableaux arrays evaluated at the critical points, namely
with |Y | = k being the total number of boxes in Y , and λ s (χ Y I ) and V(χ Y I ) being respectively the Q 2 -eigenvalues and Vandermonde determinant evaluated at the pole specified by the Young tableaux array Y . It is convenient to introduce the notion of character T, given by the trace (rather than the determinant) over the instanton moduli space of Q 2
Even if the information in T and Z Y is completely equivalent, the character typically shows up cancellations between boson and fermionic contributions in Z Y in a more efficient way. The non-perturbative prepotential is identified with the free energy of the system
while the chiral correlators of the gauge theory are given by [38] tr e z Φ = tr e z a − 1
From these equations it is not difficult to show that tr Φ 2 is related to the prepotential via the Matone's relation
Finally the matrix of gauge couplings is defined as
We now discuss a few specific examples.
A.3 U(N ) with adjoint or fundamental matter
We begin by considering the case of the U(N ) theory with adjoint matter, namely the so-called N = 2 * . Collecting the λ s eigenvalues of the various fields from Table 1 and taking into account the Vandermonde determinant, we find
.
(A.18) As we explained before, the evaluation of the residues of (A.18) can be efficiently performed by first computing the character T defined in (A.12). Collecting the eigenvalues of the various moduli in table A.1 for N = 2 * one finds
(A. 19) with .20) where
and V * and W * are their complex conjugates. In these expressions we have used the following notation 
come from the neutral moduli B and B˙ , while the terms V * W and V W * T 1 T 2 come from the charged moduli wα andwα. The remaining terms come with negative signs and originate from the auxiliary fields. They realize a sort of generalized ADHM constraints 9 . From these expressions that are valid in the N = 2 * theory, one obtains the pure N = 2 theory by decoupling the adjoint matter sending its mass to infinity. This corresponds to the limit T 3 → 0. On the other hand, we can add fundamental matter by introducing N f D7 branes whose contribution to the character is given by
with T m f = e
, m f being the masses of the fundamental flavors which coincide with the D7 brane positions. This leads to the contribution .25) in the instanton partition function.
• Example: U(1) plus adjoint matter. As a first example, let us consider a U(1) gauge theory with adjoint matter. To emphasize the rôle of 3 as mass parameter for the adjoint multiplet, we rename it m and use the symbol T m in place of T 3 . We then find for the first few tableaux
with a similar contribution for T( ) obtained by exchanging 1 ↔ 2 in the second line. Note that all m-independent terms arising from the gauge character come with strictly positive coefficients. The opposite is true for the terms coming from the matter fields proportional to T m . Collecting the eigenvalues from (A.26) one obtains the following contributions to the partition function 27) which lead to the non-perturbative prepotential
• Example: Pure SU(2) gauge theory. For the pure SU(2) gauge theory we take
The contributions of the first few tableaux are 
,
from which we find the prepotential 
on which the Z 2 action is (see Ref. [44] for a detailed treatment of this case)
The character associated to the quiver theory follows then from that of the U(N 0 + N 1 ) theory with adjoint matter by keeping only the terms invariant under (A.34). This prescription leads to T quiver = a=0,1
(T gauge,a + T bifund.matt.,a ) (A. 35) where
with subscripts understood modulo 2. Similarly, the multi-instanton partition function for the quiver theory is given by the product of the eigenvalues in (A.36) that are nothing but the Z 2 invariant components in the N = 2 * theory. More precisely, the terms surviving the projection are associated either to strings connecting two branes of the same type (gauge components) or to strings connecting branes of opposite types which give rise to bi-fundamental matter. Proceeding as described in the previous subsections, we get
with z
Here z 
(A.39) with z bifund.matt 0,0 = 1. The poles of the integrand of the instanton partition function (A.37) can be explicitly determined using the previous formulae and, as before, turn out to be in one-to-one correspondence with Young tableaux arrays. Substituting them in (A.33), one gets
which, once inserted in (A.35), allow to perform computations similar to those described in the previous paragraphs.
The chiral correlators of the quiver gauge theory are given by insertions of χ 0I or χ 1J inside the instanton partition function. More precisely the correlators of the U(N 0 ) node are given by (A.15) . A similar formula holds for tr N 1 e zΦ with the replacement O(z, χ 0I ) ↔ O(z, χ 1I ). Again the prepotential is related to tr N j Φ 2 via a generalized Matone relation, namely
We finally remark that any chiral correlator in the quiver theory receives contributions from both types of instantons and therefore is a double series expansion in q 0 and q 1 .
• Example: SU(2)×SU(2). We now consider the case N 0 = N 1 = 2. Here we take a 1 = −a 2 = a, b 1 = −b 2 = b and 3 = 0. Moreover we set 2 = − 1 . The contributions to the character for the first few Young tableaux are
The remaining four Young tableaux array obtained from those above by exchanging the order of boxes and bullets at the two sides of the bracket simultaneously give identical results. Summing up all contributions, one finds (up to order k 0 , k 1 = 1)
which leads to the non-perturbative prepotential [44] 
Now let us consider the chiral correlators. From (A.41), it is possible to show that
Working out the first few instanton contributions, we obtain
and expanding for large z, we get
from which we can read the expressions of the chiral ring elements of the first SU(2) factor. Similar expressions can be found for the correlators of the second SU(2) by simply replacing a ↔ b and q 0 ↔ q 1 .
A.5 SU(N ) with 2N hypermultiplets in the special vacuum
In Section 4 we have mentioned that the couplings (4.19), (4.25) and (4.27) are compatible with the same expressions obtained from the SW curve (3.3) for the SU(N ) theory with 2N flavors in the special vacuum. In this subsection we give some details on how to compute such couplings. To this aim let us first introduce the matrices
where i, = 1, . . . , N − 1, u are the invariants defined in (3.4) and ω = −z N −1− dz y are meromorphic differentials whose form can be found from (3.8), using (3.9) together with ∂P ∂u +1 = z N −1− . The integrals in (A.49) are calculated over a basis of cycles (γ i , γ j ) on the N -cut complex plane such that γ i • γ j = δ ij .
The gauge coupling matrix τ ij then follows directly from (A.49); indeed
In the special vacuum the 2N branching points are given by
with u = 1, . . . , N and
The period integrals are computed as line integrals with the identifications
where the cycles γ i are around the cuts [z 2i−1 , z 2i ] and the dual cycles are defined by the condition γ i • γ j = δ ij (see Fig. 3 for an example of these cycles in the case N = 3). With these positions, the integrals in (A.49) are now of the type
with a, b = 1, ..2N . The quantities in the right hand side are indefinite integrals given in terms of the Euler Γ-function and the hypergeometric function 2 F 1 according to
We have checked these results with the microscopic instanton calculus described in the previous subsections and found complete agreement.
B. String diagrams
In this appendix we give some details on the disk diagrams that are relevant for computing the instanton moduli action in our C 2 /Z 2 orbifold model.
B.1 Interaction among t and the θ moduli
The diagonal parts of the B and M αȧ moduli, introduced in the previous appendix, represent the bosonic and fermionic Goldstone modes of the supertranslations of the D3 brane worldvolume broken by the D-instantons, and thus they can be identified with the N = 2 chiral superspace coordinates. For example, working in units of the string length s = √ α , the fermionic coordinates are θ αȧ ∼ tr M αȧ− .
We now derive the interaction of the twisted scalar t with the θ moduli. To this aim we first consider a disk diagram having D(−1) boundary conditions (say of type 0) with the insertion of a b vertex in the interior and four θ vertices on the boundary:
To saturate the superghost disk anomaly, we put the b vertex in the (−1, −1) picture, two θ vertices in the − 
ϕ(x) .
(B.2)
In these definitions ∆ and∆ are the twist and anti-twist fields in the orbifolded directions, Sȧ is the spin field in these directions, S αȧ+ is the spin field in the entire ten-dimensional space and Z(x) is the bosonic string field along the complex plane transverse to the branes. The momentum p in the b vertex is taken to be non-vanishing only along the transverse space.
Since the amplitude (B.1) involves four θ's, in order to get a non-vanishing result their spinor indices must be all different; thus we can choose a fixed value for them and then sum over cyclically inequivalent orderings. We can also make a definite choice for the spinor indices of spin fields in the b vertex since, after summing over cyclically inequivalent orderings, the other possible choice yields the same result. Therefore the amplitude (B.1) becomes
where the factor of k 0 comes from the trace over the Chan-Paton indices of the D-instantons, the factor of The correlators corresponding to other orderings can be similarly evaluated by placing the vertices with given indices at permuted locations x i . Summing over all the inequivalent orderings, we then find Let's now consider the disk amplitude describing the interaction of the R-R twisted scalar c and four θ's
(B.7)
We take the R-R vertex in the (− (w) .
(B.8) Thus, to saturate the superghost anomaly we must take three θ vertices in the − 
B.2 Interaction among t and many χ's
Another interaction which plays a crucial rôle in our analysis is the one among the twisted scalar t and many χ moduli. To compute this coupling, let us first consider an instanton disk diagram with vertices for χ (say of type 0) inserted along the boundary and one vertex for the NS-NS scalar b in the interior, corresponding to the following amplitude Computing the CFT correlation functions among the vertex operators as discussed in Ref. [22] , and inserting the topological normalization C. The UV/IR relation for SU (2) and SU(3)
Here we provide a derivation of the relations presented in Section 4 between the twisted field t and the coupling constant τ for the SU(2) and SU(3) theories in the special vacuum, which is based on the use of the corresponding SW curves.
SU(2):
We derive the relation (4.18) by exploiting the information encoded in the SW curve for the SU(2) theory, namely
and in its four roots z 1,2 = ± +u 2 + g m 2 g − 1 , z 3,4 = ± −u 2 + g m 2 g + 1 .
(C.2)
Notice that z 1 = z 3 and z 2 = z 4 in the classical limit g → 0. As is well-known, the complex structure parameter of the SW curve, which is identified with the effective SU(2) coupling τ , can be related to an anharmonic ratio of the roots. In particular we have Comparing with the solution (4.8) and using the identification z 2 ↔ v, we conclude that ζ = e iπt from which the relation (4.18) immediately follows.
SU(3):
Let us now prove the relation (4.24) for the conformal SU(3) theory. According to Ref. [39] , the SW curve for this theory in the special vacuum can be put in the form
where f (τ ) is a function of the effective IR coupling which is given in terms of the genus-2 Riemann Θ-functions. These are a generalization of the Jacobi θ-functions on the torus and their definition is . This is simply related to (C.3) by the transformation τ → τ + 1.
Given these definitions, the function f (τ ) in (C.5) turns out to be given by [39] f (τ ) = − 27 ϑ 4 1 (τ ) ϑ 4 2 (τ ) ϑ 4 3 (τ ) ϑ 2 2 (τ ) + ϑ 2 3 (τ ) 2 ϑ 2 1 (τ ) + ϑ 2 3 (τ ) 2 ϑ 2 1 (τ ) − ϑ 2 2 (τ )
2 .
(C.9)
In the limit Imτ → ∞, we have the following expansion f (τ ) = −108 e iπτ 1 + 66 e iπτ + 3573 e 2iπτ + 175468 e 3iπτ + · · · . (C.10)
On the other hand, as we have explained in Sections 3 and 4, the SW for the conformal SU(3) theory at the special vacuum can be written as
Thus, comparing the two curves we deduce that 4q 0 (1 + q 0 ) 2 = f (τ ) .
(C.12)
Using the properties of the ϑ-functions (C.8) and/or the expansion (C.10), after some algebra we obtain q 0 = −27 η 12 (3τ ) η 12 (τ ) = −27 e iπτ + 12 e 2iπτ + 90 e 3iπτ + · · · (C. 13) which is the UV/IR relation for SU(3) reported in (4.24).
